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Abstract
The study of n-Lie algebras which are natural generalization of Lie algebras is motivated by Nambu
Mechanics and recent developments in String Theory and M-branes. The purpose of this paper is to define
cohomology complexes and study deformation theory of n-Lie algebra morphisms. We discuss infinitesi-
mal deformations, equivalent deformations and obstructions. Moreover, we provide various examples.
Introduction
Ternary operations and more generally n-ary operations appeared for the first time associated with the cubic
matrices studied by A. Cayley in the XIXth century. Since then, multioperators rings and algebras have been
studied in various modern mathematical works. The interest on generalization of ordinary Lie algebras was
motivated by their connection to NambuMechanics [17] which allows to considermore than one hamiltonian
and also by more recent applications in String Theory and M-branes. For more application in Physics see
[20]. The algebraic study of n-Lie algebras or n-ary Nambu-Lie algebras was introduced first by Filippov in
[6] and completed by Kasymov in [14]. A n-Lie algebra is defined by a n-ary multilinear operation which is
skew-symmetric and satisfies Filippov-Jacobi identity. In particular, for n= 3 this identity is
[x1,x2, [x3,x4,x5]] = [[x1,x2,x3],x4,x5]+ [x3, [x1,x2,x4],x5]+ [x3,x4, [x1,x4, [x1,x2,x5]].
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Many proprieties on these types of algebras are treated, one cites for example solvability, nilpotency,
central extension. A study of (n+ 1)-Lie algebras constructed from n-Lie algebras and generalized trace
maps was discussed in [2]. In [15], the authors established the relationships between the properties of a
n-Lie algebra and its induced (n+ 1)-Lie algebra.
This aim of this paper is to construct a cohomology complex of n-Lie algebra morphisms. For that, we
define a cohomology structure of these algebras with values in a module. The cohomology of n-Lie alge-
bras is a generalization of the Chevalley-Eilenberg Lie algebras cohomology. We refer to [3, 13, 19] for the
cohomology of n-Lie algebras and for representation theory which leads us to describe the deformation coho-
mology complex (C∗(φ,φ),δ) for n-Lie algebra morphisms. Notice that Daletskii and Takhtajan showed, in
[5], that the cohomology of n-Lie algebras can be derived from Leibniz algebras cohomology. Furthermore,
we are interested in this paper by the deformations of n-Lie algebra morphisms. A cohomology complex
adapted to the study of deformations was introduced by Frégier [7] in the case of Lie algebra morphisms.
Deformations of n-Lie algebras has been discussed in terms of Chevalley-Eilenberg cohomology in various
papers, a survey is available in [16]. In this paper, we introduce and study for n-Lie algebra morphisms the
concepts of infinitesimal and equivalent deformations as well as obstructions to extend a given fixed order
deformation. We denote by N and N ′ two n-Lie algebras. Equivalence classes of infinitesimal deformations
of n-Lie algebras are characterized by the cohomology groups H2(N ,N ) and by H1(N ,N ′) withe respect
to a morphism φ between N and N ′.
The paper is organized as follows. In Section 1, we review some basics about n-Lie algebras and their
adjoint representation via a morphism φ. Moreover, we recall the cohomology of n-Lie algebras with values
in the algebra. In Section 2, we define the cohomology of n-Lie algebras with values in an adjoint module.
In Section 3, we define explicitly a cochain complex with a coboundary operator and the n-cochains module
Cn(φ,φ) providing a cohomology of n-Lie algebra morphisms. Section 4 focuses on the deformation theory
of n-Lie algebra morphisms. Lastly, in Section 5, we deal with some examples. We compute the cohomology
and provide examples of deformation of 3-Lie algebra morphisms.
1 Basics
In this section, we summarize the main definitions about n-Lie algebras, representations and cohomology of
n-Lie algebras with values in the algebra itself.
In the sequel all vector spaces are considered over an algebraically closed field K of characteristic 0.
Definition 1.1. A n-Lie algebra is a vector space N together with a n-ary multilinear operation [·, . . . , ·]
satisfying the following identities:
[x1, . . . ,xn] = (−1)
τ(σ)[xσ(1), . . . ,xσ(n)], (1)
[x1, . . . ,xn−1, [y1, . . . ,yn]] =
n
∑
i=1
[y1, . . . ,yi−1, [x1, . . . ,xn−1,yi],yi+1, . . . ,yn], (2)
where σ runs over the symmetric group Sn and the number τ(σ) equals 0 or 1 depending on the parity of
the permutation σ. We call condition (2) Nambu identity, it is also called fundamental identity or Filippov
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identity.
The map
ad(x1, . . . ,xn−1)(xn) = [x1, . . . ,xn−1,xn] f or xn ∈ N (3)
is referred as a left multiplication defined by elements x1, . . . ,xn−1 ∈ N . The Nambu identity (2) may be
written as
ad(x1, . . . ,xn−1)([y1, . . . ,yn]) =
n
∑
i=1
[y1, . . . ,yi−1,ad(x1, . . . ,xn−1)(yi),yi+1, . . . ,yn].
The identity (2), for n= 2, corresponds to the Jacobi identity.
Definition 1.2. Let (N , [·, . . . , ·]) and (N ′, [·, . . . , ·]′) be two n-Lie algebras. A linear map f : N → N ′ is a
n-Lie algebra morphism if it satisfies
f ([x1, . . . ,xn]) = [ f (x1), . . . , f (xn)]
′.
The concept of representation of Lie algebras is generalized to n-Lie algebras in a natural was as follows.
Definition 1.3. A representation of a n-Lie algebra (N , [·, . . . , ·]) on a vector space V is a skew-symmetric
multilinear map ρ : N n−1 → End(V) satisfying the identities
ρ(x1, . . . ,xn−1)◦ρ(y1, . . . ,yn−1)−ρ(y1, . . . ,yn−1)◦ρ(x1, . . . ,xn−1) =
n−1
∑
i=1
ρ(y1, . . . ,yi−1, [x1, . . . ,xn−1,yi],yi+1, . . . ,yn−1),(4)
ρ([x1, . . . ,xn−1,xn],y2, . . . ,yn−1) =
n
∑
i=1
ρ(x1, . . . , x̂i, . . . ,xn)◦ρ(xi,y2, . . . ,yn−1), (5)
for all xi,y j ∈N ,1≤ i≤ n,1≤ j ≤ n− 1.
Example 1.1. Let (N , [·, . . . , ·]) be a n-Lie algebra. The map ad defined in (3) is a representation. It is
called adjoint representation.
Let (N , [·, . . . , ·]), (N ′, [·, . . . , ·]′) be two n-Lie algebras and φ : N → N ′ be a n-Lie algebra morphism.
Let ∧n−1N be the set of elements x1∧ ·· · ∧ xn−1 that are skew-symmetric in their arguments. On ∧
n−1N ,
for x= x1∧·· ·∧ xn−1 ∈ ∧
n−1N , y= y1∧·· ·∧ yn−1 ∈ ∧
n−1N , z ∈ N ′, we define:
• The linear map L′ : ∧n−1N ∧N ′→ N ′ by L′(x).z= [φ(x1), . . . ,φ(xn−1),z]
′.
• The bilinear map [ , ] :∧n−1N ×∧n−1N →∧n−1N by [x,y] = L(x)•y=
n−1
∑
i=1
(y1, . . . ,ad(x).yi, . . . ,yn−1).
• The map φ¯ : ∧n−1N →∧n−1N by φ¯(x) = φ(x1)∧ . . .∧φ(xn−1).
We denote by L(N ) the space ∧n−1N and we call it the fundamental set.
Lemma 1.4. The map L′ satisfies
L′([x,y]).z= L′(x).(L′(y).z)−L′(y).(L′(x).z) (6)
for all x,y ∈ L(N ), z ∈N ′. Then, N ′ is a N -module called adjoint representation of N via φ.
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Proof. We have
L′([x,y]) · z = L′
(
n−1
∑
i=1
(y1, . . . ,ad(x).yi, . . . ,yn−1)
)
· z
=
n−1
∑
i=1
[φ(y1), . . . ,φ◦ ad(x).yi, . . . ,φ(yn−1),z]
′
=
n−1
∑
i=1
[φ(y1), . . . ,φ◦ [x1, . . . ,xn−1,yi], . . . ,φ(yn−1),z]
′.
L′(x).(L′(y).z)−L′(y).(L′(x).z) =
n−1
∑
i=1
[φ(y1), . . . , [φ(x1), . . . ,φ(xn−1),φ(yi)]
′, . . . ,φ(yn−1),z]
′
=
n−1
∑
i=1
[φ(y1), . . . ,φ◦ ([x1, . . . ,xn−1,yi]), . . . ,φ(yn−1),z]
′.
Thus, the result holds.
Moreover, we have the following fundamental result, providing a representation of a n-Lie algebra by a
Leibniz algebra. Recall that a Leibniz algebra is a vector space with a binary bracket satisfying the following
identity.
[[X ,Y ],Z] = [[X ,Z],Y ]+ [X , [Y,Z]]. (7)
Proposition 1.2. Let (N , [·, · · · , ·]) be a n-Lie algebra, then L(N ) = (L(N ), [·, ·]) is a Leibniz algebra with
respect to the bracket
[x1, · · · ,xn−1,y1, · · · ,yn−1] =
n−1
∑
i=1
x1∧·· ·∧ [xi,y1, · · · ,yn−1]∧·· ·∧ xn−1,
for all X = (x1, · · · ,xn−1) and Y = (y1, · · · ,yn−1) in L(N ).
Notice that ∧n−1N merely reflects that the fundamental object X = (x1, · · · ,xn−1) ∈ ∧
n−1N is antisym-
metric in its arguments; it does not imply that X is a (n− 1)-multivector obtained by the associative.
Now, we recall the cochain complex of n-Lie algebras with values in itself; for more details see [19, 3].
Definition 1.5. Let (N , [·, . . . , ·]) be a n-Lie algebra, a N -valued (p+ 1)-cochain is a linear map ψ :
⊗pL(N )∧N → N . We denote by Cp(N ,N ) the set of the (p+ 1)-cochains. The coboundary operator
δp+1 :Cp(N ,N )→Cp+1(N ,N ) is a linear map defined for ψ ∈Cp(N ,N ) by
δp+1ψ(a1, . . . ,ap,ap+1,z) = ∑
1≤i< j≤p+1
(−1)iψ(a1, . . . , âi, . . . ,a j−1, [ai,a j], . . . ,ap+1,z)
+
p+1
∑
i=1
(−1)iψ(a1, . . . , âi, . . . ,ap+1,ad(ai).z)
+
p+1
∑
i=1
(−1)i+1ad(ai).ψ(a1, . . . , âi, . . . ,ap+1,z)
+ (−1)p
n−1
∑
i=1
[a1p+1, . . . ,ψ(a1, . . . ,ap,a
i
p+1), . . . ,a
n−1
p+1,z]
(8)
for ai = (a
1
i , . . . ,a
n−1
i ) ∈ L(N ), z ∈ N .
We have δp+1 ◦ δp = 0. Thus (C ∗(N ,N ),δ) is a cohomology complex for n-Lie algebra N . The elements
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of Zp := Kerδp are p-cocycles and elements of Bp := Imδp−1 are p-coboundaries. By definition, the pth
cohomology group is the quotient space H p = Zp/Bp.
2 Cohomology of n-Lie algebras with values in an adjoint module
The purpose of this section is to construct cochain complex (C∗(N ,N ′),δ) that defines a cohomology for
n-Lie algebras in an adjoint N -module N ′.
Definition 2.1. Let (N , [·, . . . , ·]) and (N ′, [·, . . . , ·]′) be two n-Lie algebras and φ : N → N ′ be a n-Lie
algebra morphism. Regard N ′ as a N -module via the adjoint representation of N induced by φ. A N ′-
valued (m+ 1)-cochain is a linear map f : ⊗mL(N )∧N → N ′. We denote by Cm(N ,N ′) the set of
(m+1)-cochains. For m≥ 0, the coboundary operator δm+1 :Cm(N ,N ′)→Cm+1(N ,N ′) is a linear map
defined by
δm+1 f (x1, . . . ,xm,xm+1,z) = ∑
1≤i< j≤m+1
(−1)i f (x1, . . . , x̂i, . . . ,x j−1, [xi,x j], . . . ,xm+1,z)
+
m+1
∑
i=1
(−1)i f (x1, . . . , x̂i, . . . ,xm+1,ad(xi).z)
+
m+1
∑
i=1
(−1)i+1L′(xi). f (x1, . . . , x̂i, . . . ,xm+1,z)
+
n−1
∑
i=1
(−1)m[φ(x1m+1), . . . , f (x1, . . . ,xm,x
i
m+1), . . . ,φ(x
n−1
m+1),φ(z)]
′.
(9)
Proposition 2.2. We have δm+2 ◦ δm+1 = 0.
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Proof.
δm+2 ◦ δm+1 f (x1, . . . ,xm+2,z) = ∑
i< j
(−1)iδm+1 f (x1, . . . , x̂i, . . . ,x j−1, [xi,x j], . . . ,xm+2,z)
+
m+2
∑
i=1
(−1)iδm+1 f (x1, . . . , x̂i, . . . ,xm+1,xm+2,ad(xi).z)
+
m+2
∑
i=1
(−1)i+1L′(xi).δ
m+1 f (x1, . . . , x̂i, . . . ,xm+2,z)
+
n−1
∑
i=1
(−1)m+1[φ(x1m+2),δ
m+1 f (x1, . . . ,xm+1,x
i
m+2), . . . ,φ(x
n−1
m+2),φ(z)]
′
= ∑
s<t<i< j
(−1)i+s f (x1, . . . , x̂s, . . . , x̂t , . . . , [xs,xt ], . . . , [xi,x j], . . . ,xm+2,z) (a1)
+ ∑
s<i<t< j
(−1)i+s f (x1, . . . , x̂s, . . . , x̂i, . . . , [xs,xt ], . . . , [xi,x j], . . . ,xm+2,z) (a2)
+ ∑
s<i< j<t
(−1)i+s f (x1, . . . , x̂s, . . . , x̂i, . . . , [xi,x j], . . . , [xs,xt ], . . . ,xm+2,z) (a3)
− ∑
i<s<t< j
(−1)i+s f (x1, . . . , x̂i, . . . , x̂s, . . . , [xs,xt ], . . . , [xi,x j], . . . ,xm+2,z) (a4)
− ∑
i<s< j<t
(−1)i+s f (x1, . . . , x̂i, . . . , x̂s, . . . , [xi,x j], . . . , [xs,xt ], . . . ,xm+2,z) (a5)
− ∑
i< j<s<t
(−1)i+s f (x1, . . . , x̂i, . . . , [xi,x j], . . . , x̂s, . . . , [xs,xt ], . . . ,xm+2,z) (a6)
+ ∑
k<i< j
(−1)i+k f (x1, . . . , x̂k, . . . , x̂i, . . . , [xk, [xi,x j]], . . . ,xm+2,z) (b1)
+ ∑
i<k< j
(−1)i+k f (x1, . . . , x̂i, . . . , x̂k, . . . , [xk, [xi,x j]], . . . ,xm+2,z) (b2)
+ ∑
i< j<k
(−1)i+k f (x1, . . . , x̂i, . . . , [̂xi,xk], . . . , [[xi,xk],x j] . . . ,xm+1,z) (b3)
+ ∑
k<i< j
(−1)i+k f (x1, . . . , x̂k, . . . , x̂i, . . . , [xi,x j], . . . ,xm+2,ad(xk).z) (c1)
− ∑
i<k< j
(−1)i+k f (x1, . . . , x̂i, . . . , x̂k, . . . , [xi,x j], . . . ,xm+2,ad(xk).z) (c2)
− ∑
i< j<k
(−1)i+k f (x1, . . . , x̂i, . . . , [xi,x j], . . . , x̂k, . . . ,xm+2,ad(xk).z) (c3)
−∑
i< j
(−1)i+ j f (x1, . . . , x̂i, . . . , x̂ j, . . . ,xm+2,ad([xi,x j]).z) (d1)
+ ∑
k<i< j
(−1)i+k+1L′(xk). f (x1, . . . , x̂k, . . . , x̂i, . . . , [xi,x j], . . . ,z) (e1)
− ∑
i<k< j
(−1)i+k+1L′(xk). f (x1, . . . , x̂i, . . . , x̂k, . . . , [xi,x j], . . . ,z) (e2)
− ∑
i< j<k
(−1)i+k+1L′(xk). f (x1, . . . , x̂i, . . . , x̂k, . . . , [xi,x j], . . . ,z) (e3)
−∑
i< j
(−1)i+ j+1L′([xi,x j]). f (x1, . . . , x̂i, . . . , x̂ j, . . . ,xm+2,z) (g1)
+ ∑
i< j≤m+1
n−1
∑
k=1
(−1)i+m[φ(x1m+2), . . . , f (x1, . . . , x̂i, . . . , [xi,x j], . . . ,xm+1, . . . ,x
k
m+2), . . . ,φ(x
n−1
m+2),φ(z)]
′ (h1)
+
m+1
∑
k=1
(−1)k+m
n−1
∑
i=1
[[xk,xm+2]
1, . . . , f (x1, . . . , x̂k, . . . ,xm+1, [xk,xm+2]
i), . . . , [xk,xm+2]
n−1,z)] (i1)
+ ∑
s<t<i
(−1)s+k f (x1, . . . , x̂s, . . . , [xs,xt ], . . . , x̂i, . . . ,xm+2,ad(xi).z) (c4)
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+ ∑
s<i<t
(−1)s+k f (x1, . . . , x̂s, . . . , x̂i, . . . , [xs,xt ], . . . ,xm+2,ad(xi).z) (c5)
− ∑
i<s<t
(−1)s+k f (x1, . . . , x̂i, . . . , x̂s, . . . , [xs,xt ], . . . ,xm+2,ad(xi).z) (c6)
+∑
k<i
(−1)i+k f (x1, . . . , x̂k, . . . , x̂i, . . . ,xm+2,ad(xk).(ad(xi).z)) (d2)
−∑
i<k
(−1)i+k f (x1, . . . , x̂i, . . . , x̂k, . . . ,xm+2,ad(xk).(ad(xi).z)) (d3)
+∑
k<i
(−1)i+k+1L′(xk). f (x1, . . . , x̂k, . . . , x̂i, . . . ,xm+2,ad(xi).z) (p1)
−∑
i<k
(−1)i+k+1L′(xk). f (x1, . . . , x̂i, . . . , x̂k, . . . ,xm+2,ad(xi).z) (p2)
+
n−1
∑
k=1
m+1
∑
i=1
(−1)i+m[φ(xm+2), . . . , f (x1, . . . , x̂i, . . . ,xm+1,x
k
m+2), . . . ,φ(x
n−1
m+2),φ◦ ad(xi).z]
′ (i2)
+
n−1
∑
k=1
[φ(x1m+1), . . . , f (x1, . . . , . . . ,x
k
m+1), . . . ,φ◦ ad(xm+2).z]
′ (q1)
+ ∑
s<t<i
(−1)s+i+1L′(xi). f (x1, . . . , x̂s, . . . , [xs,xt ], . . . , x̂i, . . . ,xm+2,z) (e4)
+ ∑
s<i<t
(−1)s+i+1L′(xi). f (x1, . . . , x̂s, . . . , x̂i, . . . , [xs,xt ], . . . ,xm+2,z) (e5)
+ ∑
i<s<t
(−1)s+i+1L′(xi). f (x1, . . . , x̂i, . . . , x̂s, . . . , [xs,xt ], . . . ,xm+2,z) (e6)
+∑
k<i
(−1)i+kL′(xi). f (x1, . . . , x̂k, . . . , x̂i, . . . ,xm+2,ad(xk).z) (p3)
−∑
i<k
(−1)i+kL′(xi). f (x1, . . . , x̂i, . . . , x̂k, . . . ,xm+2,ad(xk).z) (p4)
+∑
k<i
(−1)i+k+1L′(xi).(L
′(xk). f (x1, . . . , x̂k, . . . , x̂i, . . . ,xm+2,z)) (g2)
−∑
i<k
(−1)i+k+1L′(xi).(L
′(xk). f (x1, . . . , x̂i, . . . , x̂k, . . . ,xm+2,z)) (g3)
−
m+1
∑
i=1
(−1)i+mL′(xi).(
n−1
∑
k=1
[φ(xm+2), . . . , f (x1, . . . , x̂i, . . . ,xm+1,x
k
m+2), . . . ,φ(x
n−1
m+2),φ(z)]
′) (i3)
−L′(xm+2).(
n−1
∑
k=1
[φ(x1m+1), . . . , f (x1, . . . ,xm,x
k
m+1), . . . ,φ(x
n−1
m+1),φ(z)]
′) (q2)
−
n−1
∑
i=1
∑
s≤t≤m+1
(−1)i+m[φ(x1m+2), . . . , f (x1, . . . , x̂s, . . . , [xs,xt ], . . . ,xm+1,x
i
m+2), . . . ,φ(x
n−1
m+2),φ(z)]
′ (h2)
−
n−1
∑
i=1
m+1
∑
k=1
(−1)k+m[φ(x1m+2), . . . , f (x1, . . . ,xk, . . . ,xm+1,ad(xk).x
i
m+2), . . . ,φ(x
n−1
m+2),φ(z)]
′ (i4)
−
n−1
∑
i=1
m+1
∑
k=1
(−1)k+m[φ(x1m+2), . . . ,L
′(xi). f (x1, . . . ,xi, . . . ,x
k
m+2), . . . ,φ(x
n−1
m+2),φ(z)]
′ (i5)
−
n−1
∑
i=1
n−1
∑
k=1
[φ(x1m+2), . . . , [φ(x
1
m+1), . . . , f (x1, . . . ,xm,x
k
m+1), . . . ,φ(x
n−1
m+1),φ(x
i
m+2)]
′, . . . ,φ(xn−1m+2),φ(z)]
′ (q3)
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We will show that the sum of terms named by the same letter vanish. Indeed, thanks to identity (7) in
(L(N ), [·, ·]), which is a Leibniz algebra), we get
(b1)+ (b2)+ (b3) = ∑
i<k< j
(−1)i+k f (x1, . . . , x̂i, . . . , x̂k, . . . , [xk, [xi,x j]], . . . ,xm+1,z)
− ∑
i<k< j
(−1)i+k f (x1, . . . , x̂i, . . . , x̂k, . . . , [xi, [xk,x j]], . . . ,xm+1,z)
− ∑
i<k< j
(−1)i+k f (x1, . . . , x̂i, . . . , [̂xi,xk], . . . , [[xi,xk],x j], . . . ,xp+1,z)
= 0.
Thanks to the property (6), we get (d1)+ (d2)+ (d3)= 0. Now, we have
(i1)+ (i2)+ (i3)+ (i4)+ (i5)= 0. (10)
Indeed: First, we can see that formulas (i1) and (i3) can be expressed as follows:
(i1)=
m+1
∑
k=1
(−1)k+m
n−1
∑
i=1
∑
j<i
[φ(x1m+2), . . . , f (x1, . . . , x̂k, . . . ,xm+1,x
j
m+2), . . . ,φ◦ ad(xk).x
i
m+2, . . . ,φ(x
n−1
m+2),φ(z)]
′
(i1a)
+
m+1
∑
k=1
(−1)k+m
n−1
∑
i=1
∑
j>i
[φ(x1m+2, . . . ,φ◦ ad(xk).x
i
m+2, . . . , f (x1, . . . , x̂k, . . . ,xm+1,x
j
m+2), . . . ,φ(x
n−1
m+2),φ(z)]
′
(i1b)
−
m+1
∑
k=1
(−1)k+m
n−1
∑
i=1
[φ(x1m+2), . . . , f (x1, . . . , x̂k, . . . ,xm+2,ad(xk).x
i
m+2), . . . ,φ(x
n−1
m+2),φ(z)]
′. (i1c)
(i3)=−
m+1
∑
i=1
(−1)i+m
n−1
∑
j=1
∑
l< j
[φ(x1m+2), . . . ,φ◦ ad(xi) · x
l
m+2, . . . , f (x1, . . . , x̂i, . . . ,xm+1,x
j
m+2), . . . ,φ(x
n−1
m+2),φ(z)]
′
(i3a)
−
m+1
∑
i=1
(−1)i+m
n−1
∑
j=1
∑
l> j
[φ(x1m+2), , . . . , f (x1, . . . , x̂i, . . . ,xm+1,x
j
m+2), . . . ,φ◦ ad(xi) · x
l
m+2, . . . ,φ(x
n−1
m+2),φ(z)]
′
(i3b)
−
m+1
∑
i=1
(−1)i+m
n−1
∑
j=1
[φ(x1m+2), , . . . ,L
′(xi) · f (x1, . . . , x̂i, . . . ,xm+1,x
j
m+2), . . . , . . . ,φ(x
n−1
m+2),φ(z)]
′ (i3c)
−
m+1
∑
i=1
(−1)i+m
n−1
∑
j=1
[φ(x1m+2), , . . . , f (x1, . . . , x̂i, . . . ,xm+1,x
j
m+2), . . . , . . . ,φ(x
n−1
m+2),φ◦ ad(xi) · z]
′. (i3d)
Second, we check that
(i4)+ (i1c)= 0, (i2)+ (i3d)= 0, (i1a)+ (i3b)= 0, (i1b)+ (i3a)= 0 and (i3c)+ (i5)= 0.
Then, we get formula (10).
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Next, we have
(q1)+ (q2)+ (q3) = 0. (11)
Indeed: First, we can see that formulas (q2) and (q3) can be expressed as follows:
(q2)=−
n−1
∑
k=1
∑
i6=k
[φ(x1m+1), . . . ,φ◦ ad(xm+2) · x
i
m+1, . . . , f (x1, . . . ,xm,x
k
m+1), . . . ,φ(xm+1),φ(z)]
′ (q21)
−
n−1
∑
k=1
[φ(x1m+1), . . . ,L
′(xm+2) · f (x1, . . . ,xm,x
k
m+1), . . . ,φ(x
n−1
m+1),φ(z)]
′ (q22)
−
n−1
∑
k=1
[φ(x1m+1), . . . , f (x1, . . . ,xm,x
k
m+1), . . . ,φ(x
n−1
m+1),φ◦ ad(xm+2) · z]
′ (q23)
(q3)=−
n−1
∑
k=1
[φ(x1m+1), . . . , f (x1, . . . ,xm,x
k
m+1), . . . ,φ(x
n−1
m+1), [φ(x
1
m+2), . . . ,φ(x
n−1
m+2),φ(z)]
′]′ (q31)
+
n−1
∑
k=1
[φ(x1m+2), . . . ,φ(x
n−1
m+2), [φ(x
1
m+1), . . . , f (x1, . . . ,xm,x
k
m+1), . . . ,φ(x
n−1
m+1),φ(z)]
′]′ (q32)
Second, we check that ((q23)+ (q1)= 0 and ((q31)+ (q21)+ (q22)+ (q32)= 0. Then, we get formula (11).
Finally, we can see that the other case are equal to 0 by direct calculation.
Definition 2.3. The space of (n+ 1)-cocycles is defined by
Zn+1(N ,N ′) = {ϕ ∈ C n(N ,N ′) : δn+1ϕ = 0},
and the space of (n+ 1)-coboundaries is defined by
Bn+1(N ,N ′) = {ψ = δnϕ : ϕ ∈ C n−1(N ,N ′)}.
One has Bn+1(N ,N ′) ⊂ Zn+1(N ,N ′). Then, we call the (n+ 1)th cohomology group of the n-Lie algebra
N with coefficients in N ′, the quotient
Hn+1(N ,N ′) =
Zn+1(N ,N ′)
Bn+1(N ,N ′)
.
3 Cohomology complex of n-Lie algebra morphisms
The original cohomology theory associated to deformation of Lie algebra morphisms was developed by
Frégier in [7]. The aim of this section is to provide the main result of this paper, that is a generalization of
this theory to n-Lie algebra morphisms.
Let φ : N → N ′ be a n-Lie algebra morphism. Regard N ′ as a representation of N via φ wherever
appropriate. We define the module of (m+ 1)-cochains of the morphism φ to be
Cm(φ,φ) = Cm(N ,N )⊗Cm(N ′,N ′)⊗Cm−1(N ,N ′). (12)
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The coboundary operator δm+1 : Cm(φ,φ)→ Cm+1(φ,φ) is defined by
δm+1(ϕ1,ϕ2,ϕ3) = (δ
m+1ϕ1,δ
m+1ϕ2,δ
mϕ3+(−1)
m(φ◦ϕ1−ϕ2 ◦ (φ¯
⊗m∧φ))),
where δm+1ϕ1 and δ
m+1ϕ2 are defined by (8), δ
mϕ3 is defined by (9) and φ¯
⊗m ∧ φ : ⊗mL(N ) ∧N →
⊗mL(N ′)∧N ′ is defined by:
(φ¯⊗m∧φ)(x1, . . . ,xm,z) = (φ¯(x1), . . . , φ¯(xm),φ(z)) for xi ∈ L(N ) and z ∈ N .
Proposition 3.1. We have δm+2 ◦ δm+1 = 0. Hence (C∗(φ,φ),δ) is a cochain complex.
Proof. The most right component of (δm+2 ◦ δm+1)(ϕ1,ϕ1,ϕ3) is
(−1)mδm+1(φ◦ϕ1−ϕ2 ◦ (φ¯
⊗m∧φ))+ (−1)m+1(φ◦ δm+1(ϕ1)− δ
m+1(ϕ2)◦ (φ¯
⊗(m+1)∧φ)).
Thus, to finish the proof, one checks that δm+1(φ◦ϕ1)= φ◦δ
m+1(ϕ1) and δ
m+1(ϕ2◦(φ¯
⊗m∧φ)) = δm+1(ϕ2)◦
(φ¯⊗(m+1)∧φ). Indeed:
δm+1(φ◦ϕ1)(x1, . . . ,xm+1,z) = ∑
1≤i< j≤m+1
(−1)i(φ◦ϕ1)(x1, . . . , x̂i, . . . ,x j−1, [xi,x j], . . . ,xm+1,z)
+
m+1
∑
i=1
(−1)i(φ◦ϕ1)(x1, . . . , x̂i, . . . ,xm+1,ad(xi).z)
+
m+1
∑
i=1
(−1)i+1L′(xi).(φ◦ϕ1)(x1, . . . , x̂i, . . . ,xm+1,z)
+
n−1
∑
i=1
(−1)m[φ(x1m+1), . . . ,(φ◦ϕ1)(x1, . . . ,xm,x
i
m+1), . . . ,φ(x
n−1
m+1),φ(z)]
′
= φ
(
∑
1≤i< j≤m+1
(−1)iϕ1(x1, . . . , x̂i, . . . ,x j−1, [xi,x j], . . . ,xm+1,z)
+
m+1
∑
i=1
(−1)iϕ1(x1, . . . , x̂i, . . . ,xm+1,ad(xi).z)
+
m+1
∑
i=1
(−1)i+1ad(xi).ϕ1(x1, . . . , x̂i, . . . ,xm+1,z)
+
n−1
∑
i=1
(−1)m[x1m+1, . . . ,ϕ1(x1, . . . ,xm,x
i
m+1), . . . ,x
n−1
m+1,z]
)
= φ◦ δm+1(ϕ1)(x1, . . . ,xm+1,z).
δm+1(ϕ2)◦ (φ¯
⊗(m+1)∧φ)(x1, . . . ,xm+1,z) = ∑
1≤i< j≤m+1
(−1)iϕ2(φ¯(x1), . . . , ¯̂φ(xi), . . . , φ¯(x j−1), [φ¯(xi), φ¯(x j)]
′, . . . , φ¯(xm+1),φ(z))
+
m+1
∑
i=1
(−1)iϕ2(φ¯(x0), . . . , ¯̂φ(xi), . . . , φ¯(xm+1),L
′(xi).φ(z))
+
m+1
∑
i=1
(−1)i+1L′(xi).ϕ2(φ¯(x1), . . . , ¯̂φ(xi), . . . , φ¯(xm+1),φ(z))
+
n−1
∑
i=1
(−1)m[φ(x1m+1), . . . ,ϕ2(φ¯(x1), . . . , φ¯(xm),φ(x
i
m+1)), . . . ,φ(x
n−1
m+1),φ(z)]
′
= δm+1(ϕ2 ◦ (φ¯
⊗m∧φ))(x1, . . . ,xm+1,z).
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Definition 3.2. The corresponding cohomology modules of the cochain complex (C∗(φ,φ),δn) are denoted
by
Hn+1(φ,φ) := Hn+1(C∗(φ,φ),δ).
Proposition 3.3. If Hn+1(N ,N ), Hn+1(N ′,N ′), and Hn(N ,N ′) are all trivial then so is Hn+1(φ,φ).
Proof. The proof is similar to that of Proposition 3.3 in [21].
4 Deformations of n-Lie algebra morphisms
In this section, we aim to study one parameter formal deformation of n-Lie algebra morphisms. Deformation
theory using using formal power series was introduced first for associative algebras by Gerstenhaber [10]
and then extended to Lie algebras by Nijenhuis and Richardson [18]. Deformations of n-Lie algebras has
been discussed in terms of Chevalley-Eilenberg cohomology in many articles, see [16] for a review. Recall
that the main idea is to change the scalar field K to a formal power series ring K[[t]], in one variable t, and
the main results provide cohomological interpretations.
Let K[[t]] be the power series in one variable t and coefficients in K and N [[t]] be the set of formal series
whose coefficients are elements of the vector space N , (N [[t]] is obtained by extending the coefficients
domain of N fromK toK[[t]]). Given aK-n-linear map ϕ : N × . . .N →N , it admits naturally an extension
to aK[[t]]-n-linear map ϕ : N [[t]]× . . .×N [[t]]→N [[t]], that is, if xi = ∑
j≥0
a
j
i t
j
i ,1≤ i≤ n then ϕ(x1, . . . ,xn) =
∑
j1,..., jn≥0
t j1+...+ jnϕ(a
j1
1 , . . . ,a
jn
n ).
Definition 4.1. Let (N , [·, . . . , ·]) be a n-Lie algebra. A one-parameter formal deformation of the n-Lie
algebra N is given by a K[[t]]-n-linear map
[·, . . . , ·]t : N [[t]]× . . .×N [[t]]→N [[t]]
of the form [·, . . . , ·]t = ∑
i≥0
t i[·, . . . , ·]i where each [·, . . . , ·]i is a skew-symmetric K-n-linear map [·, . . . , ·]i :
N × . . .×N →N (extended to a K[[t]]-n-linear map), and [·, . . . , ·]0 = [·, . . . , ·] such that for (xi)1≤i≤2n−1
[x1, . . . ,xn−1, [xn, . . . ,x2n−1]t ]t =
2n−1
∑
i=n
[xn, . . . ,xi−1, [x1, . . . ,xn−1,xi]t ,xi+1, . . . ,x2n−1]t (13)
The deformation is said to be of order k if [·, . . . , ·]t =
k
∑
i=0
t i[·, . . . , ·]i and infinitesimal if k= 1.
Definition 4.2. Let φ : N → N ′ be a n-Lie algebra morphism. Define a deformation of φ to be a triple
Θt = ([·, . . . , ·]N ,t ; [·, . . . , ·]N ′,t ;φt ) in which :
• [·, . . . , ·]N ,t = ∑
i≥0
t i[·, . . . , ·]N ,i is a deformation of N
• [·, . . . , ·]N ′,t = ∑
i≥0
t i[·, . . . , ·]N ′,i is a deformation of N
′
11
• φt : N [[t]]→N
′[[t]] is a n-Lie algebra morphism of the form φt = ∑
n≥0
φnt
n where each φn : N →N
′ is
a K-linear map and φ0 = φ, such that φt satisfies the following equation
φt([x1, . . . ,xn]N ,t) = [φt(x1), . . . ,φt (xn)]N ′,t .
Proposition 4.3. The linear coefficient, θ1 = ([., .]1, [., .]
′
1,φ1), which is called the infinitesimal of the defor-
mation Θt of φ is a 2-cocycle in C
2(φ,φ).
Proof. Let φ : N →N ′ be a n-Lie algebra morphism, we have the following deformation equation
φt([x1, . . . ,xn]t) = [φt (x1), . . . ,φt(xn)]
′
t .
Expanding this product in a power series in t, we obtain
∑
i+ j=s
φi([x1, . . . ,xn] j) = ∑
i1+...+in+ j=s
[φi1(x1), . . . ,φin(xn)]
′
j.
For s= 1, we get
φ([x1, . . . ,xn]1)− [φ(x1), . . . ,φ(xn)]
′
1−
n
∑
i=1
[φ(x1), . . . ,φ1(xi), . . . ,φ(xn)]
′+φ1([x1, . . . ,xn]) = 0.
This is equivalent to the 2-cochain φ([x1, . . . ,xn]1)− [φ(x1), . . . ,φ(xn)]
′
1− δ
1φ1 is equal to 0.
4.0.1 Equivalent deformations
Definition 4.4. Let (N , [·, . . . , ·]) be a n-Lie algebra. Given two deformations Nt = (N [[t]], [·, . . . , ·]t) and
N ′t = (N [[t]], [·, . . . , ·]
′
t) of N . We say that Nt and N
′
t are equivalent if there exists a formal automorphism
ψt : N [[t]]→N [[t]] that may be written in the form ψt = ∑
i≥0
t iψi, where ψi ∈ End(N ) and ψ0 = Id such that
ψt([x1, . . . ,xn]t) = [ψt(x1), . . . ,ψt(xn)]
′
t .
A deformation Nt of N is said to be trivial if Nt is equivalent to N , viewed as a n-ary algebra on N [[t]].
Let (N , [·, . . . , ·]) be a n-Lie algebra and [·, . . . , ·]1 ∈ Z
2(N ,N ). The 2-cocycle [·, . . . , ·]1 is said to be inte-
grable if there exists a family ([·, . . . , ·]i)i≥0 such that [·, . . . , ·]t = ∑
i≥0
t i[·, . . . , ·]i defines a formal deformation
Nt = (N [[t]], [·, . . . , ·]t) of N .
Proposition 4.5. If Nt and N
′
t are equivalent deformations of N given by the automorphismψN ,t : N [[t]]→
N [[t]], the infinitesimals of [·, . . . , ·]N ,t and [·, . . . , ·]N ′,t belong to the same cohomology class.
Proof. The proof is straightforward and similar to that of the case n= 2.
Definition 4.6. Let Θt = ([·, . . . , ·]N ,t , [·, . . . , ·]L,t ,φt) and Θ˜ = ([·, . . . , ·]
′
N ,t
, [·, . . . , ·]′L,t , φ˜t) be two deforma-
tions of a n-Lie algebra morphism φ : N → L . A formal automorphism : Θt → Θ˜t is a pair (ψN ,t ,ψL,t ),
where ψN ,t : N [[t]]→ N [[t]] and ψL,t : L[[t]]→ L[[t]] are formal automorphisms, such that φ˜t = ψL,t ◦ φt ◦
ψ−1
N ,t
. Two deformations Θt and Θ˜t are equivalent if and only if there exists a formal automorphism Θt → Θ˜t .
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Given a deformation Θt and a pair of power series ψt = (ψN ,t = ∑
n
ψN ,nt
n,ψL,t = ∑
n
ψL,nt
n), one can
define a deformation Θ˜t which is automatically equivalent to Θt .
Theorem 4.7. Let (N , [·, . . . , ·]N ) and (N
′, [·, . . . , ·]N ′) be two n-Lie algebras. Let Θt =([·, . . . , ·]N ,t , [·, . . . , ·]N ′,t ,φt )
be a deformation of a n-Lie algebra morphism φ : N → N ′. Then
1. The infinitesimal of a deformation Θt of φ is a 2-cocycle in C
2(φ,φ) whose cohomology class is deter-
mined by the equivalence class of Θt .
2. There exists an equivalent deformation Θ˜t = ([·, . . . , ·]N ,t , [·, . . . , ·]N ′,t , φ˜t) such that θ˜1 ∈ Z
2(φ,φ) and
θ˜1 6∈ B
2(φ,φ). Hence, if H2(φ,φ) = 0 then every formal deformation is equivalent to a trivial deforma-
tion.
Proof. 1. By Proposition 4.3, θ1 is a 2-cocycle. Now, if ψt is a formal automorphism, then the 2-cocycle
θ1 and θ˜1 differ by a 2-coboundary. Write ψt = (ψN ,t ,ψL,t ) and θ˜t = ([·, . . . , ·]
′
N ,t
, [·, . . . , ·]′L,t , φ˜t ).
In view of Proposition 4.5, we have δ1ψ∗,1 = [·, . . . , ·]∗,1 − [·, . . . , ·]
′
∗,1 ∈ C
2(∗,∗), for ∗ ∈ {N ,L}.
Moreover, φ1− φ˜1 = φ◦ψN ,1−ψL,1 ◦φ, then θ1− θ˜1 = δ
1α, with α = (ψN ,1,ψL,1,0).
2. Define a pair of power series ψt = (ψN ,t ,ψL,t). According to Definition 4.6, we define equiva-
lent deformation Θ˜ = ([·, . . . , ·]′
N ,t
, [·, . . . , ·]′L,t , φ˜t ) = ∑
n
θ˜nt
n. We have [·, . . . , ·]∗,1 ∈ Z
2(∗,∗) and also
[·, . . . , ·]∗,1 − [·, . . . , ·]
′
∗,1 ∈ Z
2(∗,∗) for ∗ ∈ {N ,L}. Moreover φ1 ∈ Z
1(N ,L) leads to φ1 − φ˜1 ∈
Z1(N ,L). If θ˜1 ∈ B
2(φ,φ) then so θ1− θ˜1 = δ
1ϕ for ϕ ∈C1(φ,φ).
4.1 Obstructions
Let (N , [·, . . . , ·]) and (N ′, [·, . . . , ·]′) be two n-Lie algebras and let φ : N → N ′ be a morphism of n-Lie
algebras. A deformation of order N of φ is a triple, Θt = ([·, . . . , ·]t ; [·, . . . , ·]
′
t ;φt ) satisfying φt ([x1, . . . ,xn]t) =
[φt(x1), . . . ,φt (xn)]
′
t or equivalently
∑
i+ j=N
φi ◦ [x1, . . . ,xn] j = ∑
i1+···+in+ j=N
[φi1(x1), . . . ,φin(xn)]
′
j.
Given a deformation Θt of order N, it is said to extend to order N+ 1 if and only if there exists a 2-cochain
θN+1 = ([·, . . . , ·]N+1, [·, . . . , ·]
′
N+1,φN+1) ∈C
2(φ,φ) such that Θt = Θt + t
N+1θN+1 is a deformation of order
N+ 1. Θt is called an order N+ 1 extension of Θt . Now, for xi = (x
1
i , . . . ,x
n−1
i ) ∈ L(N ) and z ∈ N , the
(N+ 1)-equation of (13) can be written as
δ3 ([·, . . . , ·]N+1) (x1,x2,z) = − ∑
k+l=N+1
k,l>0
[x11, . . . ,x
n−1
1 , [x
1
2, . . . ,x
n−1
2 ,z]k]l + ∑
k+l=N+1
k,l>0
[x12, . . . ,x
n−1
2 , [x
1
1, . . . ,x
n−1
1 ,z]k]l
+ ∑
k+l=N+1
k,l>0
n−1
∑
i=1
[x12, . . . ,x
i−1
2 , [x
1
1, . . . ,x
n−1
1 ,x
i
2]k,x
i+1
2 , . . . ,x
n−1
2 ,z]l .
(14)
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Set ObN to be the right hand side of (14) for the obstruction of a deformation of a n-Lie algebraN . Similarly,
set
ObN ′ = − ∑
k+l=N+1
k,l>0
[y11, . . . ,y
n−1
1 , [y
1
2, . . . ,y
n−1
2 ,z
′]′k]
′
l + ∑
k+l=N+1
k,l>0
[y12, . . . ,y
n−1
2 , [y
1
1, . . . ,y
n−1
1 ,z
′]′k]
′
l
+ ∑
k+l=N+1
k,l>0
n−1
∑
i=1
[y12, . . . ,y
i−1
2 , [y
1
1, . . . ,y
n−1
1 ,y
i
2]
′
k,y
i+1
2 , . . . ,y
n−1
2 ,z
′]′l ,
where yi = (y
1
i , . . . ,y
n−1
i ) ∈ L(N
′), z′ ∈ N , for the obstruction of a deformation of a n-Lie algebra N ′. On
the other side, the deformation equation associated to φ is φt ◦ [x1, . . . ,xn]t = [φt (x1), . . . ,φt(xn)]
′
t which is
equivalent to
∑
i+ j=N+1
φi ◦ [x1, . . . ,xn] j = ∑
i1+···+in+ j=N+1
[φi1(x1), . . . ,φin(xn)]
′
j.
For an arbitrary N > 0, the (N+ 1)-equation may be written as follows:
δ1φN+1(x1, . . . ,xn)−φ[x1, . . . ,xn]N+1+[φ(x1), . . . ,φ(xn)]
′
N+1= ∑
i+ j=N+1
i, j>0
φi◦ [x1, . . . ,xn] j−
′
∑[φi1(x1), · · · ,φin(xn)] j
with
′
∑=
N
∑
j=1
∑
li>0
1≤i≤n
+
N
∑
j=1
∑
l1+···+l̂i+···+ln>0
li>0
1≤i≤n
+
n
∑
i=1
∑
li+···+l̂i+···+ln=N+1−li
li>0
1≤i≤n.
.
Set
Obφ = ∑
i+ j=N+1
i, j>0
φi ◦ [x1, . . . ,xn] j−
′
∑[φi1(x1), · · · ,φin(xn)]′j
for the obstruction of the extension of the n-Lie algebra morphism φ.
Theorem 4.8. Let (N , [·, . . . , ·]) and (N ′, [·, . . . , ·]′) be two n-Lie algebras and φ a n-Lie algebra morphism.
Let Θt = ([·, . . . , ·]t , [·, . . . , ·]
′
t ,φt) be an order N one-parameter formal deformation of φ. Then
Ob= (ObN ,ObN ′ ,Obφ) ∈ Z
3(φ,φ).
Therefore the deformation extends to a deformation of order N+ 1 if and only if Ob is a coboundary.
Proof. We must show that (ObN ,ObN ,Obφ) is a cocycle in C
3(φ,φ) i.e. δ3(ObN ,ObN ′ ,Obφ) = 0 i.e.
(δ3ObN ,δ
3ObN ′ ,δ
2Obφ+φ◦ObN −ObN ′ ◦(φ¯
⊗2∧φ)) = 0. One has already that δ3ObN = 0 and δ
3ObN ′ =
0, then it remains to show that
δ2Obφ +φ◦ObN −ObN ′ ◦ (φ¯
⊗2∧φ) = 0.
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Let xi = x
1
i ∧ . . .∧ x
n−1
i ∈ L(N ) and z ∈N . We have
δ2Obφ(x1,x2,z) =−
n−1
∑
i=1
∑
k+l=N+1
k,l>0
φk ◦ [x
1
2, . . . , [x
1
1, . . . ,x
n−1
1 ,x
i
2], . . . ,x
n−1
2 ,z]l− ∑
k+l=N+1
k,l>0
φk ◦ [x
1
2, . . . ,x
n−1
2 , [x
1
1, . . . ,x
n−1
1 ,z]]l
+ ∑
k+l=N+1
k,l>0
φk ◦ [x
1
1, . . . ,x
n−1
1 , [x
1
2, . . . ,x
n−1
2 ,z]]l + ∑
k+l=N+1
k,l>0
[φ(x11), . . . ,φ(x
n−1
1 ),φk[x
1
2, . . . ,x
n−1
2 ,z]l ]
′
− ∑
k+l=N+1
k,l>0
[φ(x12), . . . ,φ(x
n−1
2 ),φk[x
1
1, . . . ,x
n−1
1 ,z]l ]−
n−1
∑
i=1
∑
k+l=N+1
k,l>0
[φ(x12), . . . ,φlk [x
1
1, . . . ,x
n−1
1 ,x
i
2]l , . . . ,φ(x
n−1
2 ),φ(z)]
′
+
n−1
∑
i=1
∑′[φl1(x
1
2), . . . ,φli [x
1
1, . . . ,x
n−1
1 ,x
i
2], . . . ,φln−1(x
n−1
2 ),φ(z)]
′
l
−∑′[φl1(x
1
1), . . . ,φln−1(x
n−1
1 ),φln [x
1
2, . . . ,x
n−1
2 ,z]]
′
j+∑
′[φl1(x
1
2), . . . ,φln−1(x
n−1
2 ),φln [x
1
1, . . . ,x
n−1
1 ,z]]
′
j
−∑′[φ(x11), . . . ,φ(x
n−1
1 ), [φl1(x
1
2), . . . ,φln−1(x
n−1
2 ),φln(z)]
′
j ]+∑
′[φ(x12), . . . ,φ(x
n−1
2 ), [φl1(x
1
1), . . . ,φln−1(x
n−1
1 ),φln(z)]
′
j ]
′
+∑′[φ(x12), . . . , [φl1(x
1
1), . . . ,φln−1(x
n−1
1 ),φln(x
i
2)]
′
j, . . . ,φ(x
n−1
2 ),φ(z)]
′.
Now, we search the terms φ ◦ObN (x1,x2,z) and ObN ′(φ¯(x1), φ¯(x2),φ(z)) in δ
2Obφ. By a straightforward
but lengthy computation, we can check that the remaining terms of δ2Obφ+φ◦ObN −ObN ′ ◦ (φ¯
⊗2∧φ) are
written as follows
− ∑˜[φl1(x
1
1), . . . ,φln−1(x
n−1
1 ), [φq1(x
1
2), . . . ,φqn−1(x
n−1
2 ),φqn(z)]
′
α]
′
j
+ ∑˜[φl1(x
1
2), . . . ,φln−1(x
n−1
2 ), [φq1(x
1
1), . . . ,φqn−1(x
n−1
2 ),φqn(z)]
′
α]
′
j
+ ∑˜
n−1
∑
i=1
[φl1(x
1
2), . . . ,φli(x
i−1
2 ), [φq1(x
1
1), . . . ,φqn−1(x
n−1
1 ),φqn(x
i
2)]
′
α, . . . ,φln−1(x
n−1
2 ),φln(z)]
′
j
(15)
with
∑˜ = ∑
1≤l1+...,ln−1+q1+...+qn≤N
+ ∑
l1+...+ln=N+1
ln=q1+...+qn
li>0,α= j=0
+ ∑
q1+...+qn=N+1
li= j=α=0
1≤i≤n−1
.
Thanks to Nambu identity, we deduce that expression (15) vanishes. Thus Ob∈ Z3(φ,φ). One has moreover
δ2([·, . . . , ·]N+1, [·, . . . , ·]
′
N+1,φN+1) = Ob.
Then, the N-order formal deformation extends to a N + 1-order formal deformation whenever Ob is a
coboundary.
Corollary 4.9. If H3(φ,φ) = 0, then every infinitesimal deformation can be extended to a formal deformation
of larger order.
5 Examples
In this section, in order to illustrate the theory, we provide some examples of cohomology group computa-
tions and deformations. The calculations are done with the help of the computer software Mathematica.
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Example1. We consider two 4-dimensional 3-Lie algebras (A, [., ., .]1) (resp. (B, [., ., .]2)) given in [1, 15])
defined with respect to the basis (ei)1≤i≤4 (resp. ( fi)1≤i≤4) by
[e1,e2,e3]1 = e2, [e1,e3,e4]1 = e4.
and
[ f1, f2, f4]2 = f3, [ f1, f3, f4]2 = f3.
Straightforward calculation shows that dimH2(A,A) = 3 and spanned by the 2-cocycles
ψ1,1(e1,e2,e3) = e1− e3
ψ1,1(e1,e2,e4) = e4
ψ1,1(e1,e3,e4) = 0
ψ1,1,(e2,e3,e4) = e4,

ψ1,2(e1,e2,e3) = e2
ψ1,2(e1,e2,e4) = 0
ψ1,2(e1,e3,e4) = 0
ψ1,2(e2,e3,e4) = 0,

ψ1,3(e1,e2,e3) = 0
ψ1,3(e1,e2,e4) = e2
ψ1,3(e1,e3,e4) = e1− e3
ψ1,3(e2,e3,e4) = e2.
Similarly, we show that H2(B,B) is 2-dimensional and spanned by the 2-cocycles
ψ2,1( f1, f2, f3) = 0
ψ2,1( f1, f2, f4) = f2
ψ2,1( f1, f3, f4) = 0
ψ2,1( f2, f3, f4) = 0,
and

ψ2,2( f1, f2, f3) = 0
ψ2,2( f1, f2, f4) = 0
ψ2,2( f1, f3, f4) = f2
ψ2,2( f2, f3, f4) = 0.
Now, we compute first all the 3-Lie algebra morphisms φ1,2 : A→ B. The morphism φ1,2 is wholly deter-
mined by a set of structure constants λi, j, where φ1,2(e j) =
4
∑
j=1
λi, j fi. It turns out that they are defined by
φ1,2(e1) = λ1,1 f1+λ2,1 f2+λ3,1 f3+λ4,1 f4
φ1,2(e2) = 0
φ1,2(e3) = λ3,1 f1+λ2,3 f2+λ3,3 f3+λ4,3 f4
φ1,2(e4) = 0
or

φ1,2(e1) = λ1,1 f1+λ2,1 f2+λ3,1 f3+λ4,1 f4
φ1,2(e2) = 0
φ1,2(e3) = λ1,3 f1+λ2,3 f2+λ3,3 f3+
λ1,3λ4,1−1
λ1,1
f4
φ1,2(e4) = λ3,4 f3
or

φ1,2(e1) = λ1,1 f1+λ2,1 f2+λ3,1 f3+λ4,1 f4
φ1,2(e2) = λ3,2 f3
φ1,2(e3) = λ1,3 f1+λ2,3 f2+λ3,3 f3+
λ1,3λ4,1+1
λ1,1
f4
φ1,2(e4) = 0
or

φ1,2(e1) = λ2,1 f2+λ3,1 f3+λ4,1 f4
φ1,2(e2) = λ3,2 f3
φ1,2(e3) =−
1
λ4,1
f1+λ2,3 f2+λ3,3 f3+λ4,3 f4
φ1,2(e4) = 0
or

φ1,2(e1) = λ2,1 f2+λ3,1 f3+λ4,1 f4
φ1,2(e2) = 0
φ1,2(e3) =
1
λ4,1
f1+λ2,3 f2+λ3,3 f3+λ4,3 f4
φ1,2(e4) = λ3,4 f3
By a direct computation, using Mathematica, we deduce that the first space of cocycles Z1(A,B) of the first
morphism with φ1,2(e1) = φ1,2(e3) is generated by
ρk(e2) = ρk(e4) = 0, for k ∈ {1, . . . ,8},
ρk(e3) = 0, ρk(e1) = fk, for k ∈ {1, . . . ,4},
ρk(e1) = 0, ρk(e3) = fk−4, for k ∈ {5, . . . ,8}.
Moreover, we have H1(A,B) is 8-dimensional.
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Example 2. In this example, we consider the 3-Lie algebra A of the previous example and B defined as
[ f1, f3, f4]2 = f2.
By a direct computation, we obtain dimH2(B,B) = 3 and it is spanned by the 2-cocycles
ψ1,1( f1, f2, f3) = 0
ψ1,1( f1, f2, f4) = 0
ψ1,1( f1, f3, f4) = f1
ψ1,1,( f2, f3, f4) = 0,

ψ1,2( f1, f2, f3) = 0
ψ1,2( f1, f2, f4) = 0
ψ1,2( f1, f3, f4) = f3− f4
ψ1,2( f2, f3, f4) = 0,

ψ1,3( f1, f2, f3) = 0
ψ1,3( f1, f2, f4) = 0
ψ1,3( f1, f3, f4) = 0
ψ1,3( f2, f3, f4) = f1.
Now, we consider the 3-Lie algebra morphism defined as
φ(e1) = λ1,1 f1+λ2,1 f2+λ3,1 f3+λ4,1 f4
φ(e3) = λ1,3 f1+λ2,3 f2+λ3,3 f3+λ4,3 f4
φ(e2) = φ(e4) = 0.
By a direct computation, using we deduce that the space of 1-cocycles Z1(A,B) related to the morphism φ is
generated by
ρk(e1) = fk, for k ∈ {1, . . . ,4}, and for k ∈ I \ {1, . . . ,4} ρk(e1) = 0
ρk(e2) = fk−4, for k ∈ {5, . . . ,8}, and for k ∈ I \ {5, . . . ,8} ρk(e2) = 0
ρk(e3) = fk−8, for k ∈ {9, . . . ,12}, and for k ∈ I \ {9, . . . ,12} ρk(e3) = 0
ρk(e4) = fk−12, for k ∈ {13, . . . ,16}, and for k ∈ I \ {13, . . . ,16} ρk(e4) = 0,
where I = {1, . . . ,16}. Hence H1(A,B) is 16-dimensional.
Example 3. We consider two 4-dimensional 3-Lie algebras (A, [., ., .]A) (resp.(B, [., ., .]B)) defined in [4]
with respect to the basis (ei)1≤i≤4 (resp. ( fi)1≤i≤4) by
[e2,e3,e4]A = e1( resp. [ f2, f3, f4]B = f1, [ f1, f3, f4]B = f2, [ f1, f2, f4]B = f3, [ f1, f2, f3]B = f4).
We have dimH2(A,A) = 9 and the space is spanned by the 2-cocycles (here I = {1, . . . ,6})
ψ1,k(e1,e2,e4) = ek, for k = 3, and for k ∈ I \ {2} ψ1,k(e1,e2,e4) = 0
ψ1,k(e1,e3,e4) = ek, for k = 1,2, and for k ∈ I \ {1,2} ψ1,k(e1,e3,e4) = 0
ψ1,k(e2,e3,e4) = ek−1, for k = 4, and for k ∈ I \ {4} ψ1,k(e2,e3,e4) = 0
ψ1,k(e1,e2,e3) = (6− k)ek−4+(k− 5)ek−2, for k = 5,6, and for k ∈ I \ {5,6} ψ1,2(e1,e2,e3) = 0,
ψ1,7(e1,e2,e4) = e2
ψ1,7(e1,e3,e4) =−e3
ψ1,7(e2,e3,e4) = 0
ψ1,7(e1,e2,e3) = 0

ψ1,8(e1,e2,e4) = 0
ψ1,8(e1,e3,e4) = e4
ψ1,8(e2,e3,e4) = 0
ψ1,8(e1,e2,e3) = e2

ψ1,9(e1,e2,e4) =−e4
ψ1,9(e1,e3,e4) = 0
ψ1,9(e2,e3,e4) = 0
ψ1,9(e1,e2,e3) = e3
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One can check that any 2-cocycle of the 3-Lie algebra B is a coboundary, hence dimH2(B,B) = 0.
Now, we construct the 3-Lie algebra morphisms φ : A→ B. It turns out that they are defined as
φ(e1) = φ(e2) = 0,
φ(e3) = λ4,3 f4
φ(e4) = λ2,4 f2+λ2,4 f3+λ4,4 f4.
Similarly, one checks that H1(A,B) is spanned by (here I = {1, . . . ,16})
ρk(e1) = fk, for k ∈ {2, . . . ,4}, and for k ∈ I \ {2, . . . ,4} ρk(e1) = 0
ρk(e2) = fk−4, for k ∈ {5, . . . ,8}, and for k ∈ I \ {5, . . . ,8} ρk(e2) = 0
ρk(e3) = fk−8, for k ∈ {9, . . . ,12}, and for k ∈ I \ {9, . . . ,12} ρk(e3) = 0
ρk(e4) = fk−12, for k ∈ {13, . . . ,16}, and for k ∈ I \ {13, . . . ,16} ρk(e4) = 0.
In the following, we deal with deformations. We consider two infinitesimal deformations of [., ., .]A:
[e2,e3,e4]A,1,t = e1+ tc2e2, [e1,e2,e4]A,1,t = tz2e2, [e1,e3,e4]A,1,t = t(b2e2− z2e3), [e1,e2,e3]A,1,t = 0,
[e2,e3,e4]A,2,t = e1+ tc4e4, [e1,e2,e4]A,2,t = tz2e2, [e1,e3,e4]A,2,t =−tz2e3, [e1,e2,e3]A,2,t = tk4e4.
Then, we have three infinitesimal deformations ([., ., .]iA,t , [., ., .]B,φ
i
t) of φ given by
φ1t (e1) = φ
1
t (e2) = 0
φ1t (e3) = (λ4,3+ tb4,3) f4
φ1t (e4) = (λ2,4+ tb2,4) f2+λ2,4 f3+λ4,4 f4
and

[e2,e3,e4]
1
A,t = e1+ tc2e2
[e1,e2,e4]
1
A,t = [e1,e3,e4]
1
A,t = 0
[e1,e2,e3]
1
A,t = 0
φ2t (e1) = c4t(−λ2,4 f2−λ2,4 f3−λ4,4 f4)
φ2t (e2) = t(b2,2 f2+ b2,2 f3+ b4,2 f4)
φ2t (e3) = t(b1,3 f1+ b2,3 f2+ b3,3 f3)+ (λ4,3tb4,3) f4
φ2t (e4) = tb1,4 f1+(λ2,4+ tb2,4) f2+(λ2,4+ tb2,4) f3+(λ4,4+ tb4,4) f4
and

[e2,e3,e4]
2
A,t = e1+ tc4e4
[e1,e2,e4]
2
A,t = [e1,e3,e4]
2
A,t = 0
[e1,e2,e3]
2
A,t = 0
φ3t (e1) = 0
φ3t (e2) = t(b2,2 f2+ b2,2 f3+ b4,2 f4)
φ3t (e3) = t(b1,3 f1+ b2,3 f2+ b3,3 f3)+ (λ4,3+ tb4,3) f4
φ3t (e4) = tb1,4 f1+(λ2,4+ tb2,4) f2+(λ2,4+ tb3,4) f3+(λ4,4+ tb4,4) f4
and

[e2,e3,e4]
3
A,t = e1
[e1,e3,e4]
3
A,t = tb2e2
[e1,e2,e4]
3
A,t = [e1,e2,e3]
3
A,t = 0.
Finally, we will construct a formal automorphism ψA,t : A[[t]]→ A[[t]] modulo t
2. By a direct computation,
we can see that such automorphism modulo t2 is ψA,t = IA+ tϕA and ψ
−1
A,t = IA− tϕA, where ϕA ∈C
1(A,A)
is defined as follows 
ϕA(e1) = (b
′
2,2+ b
′
3,3+ b
′
4,4)e1
ϕA(e2) = b
′
1,2e1+ b
′
2,2e2+ b
′
3,2e3+ b
′
4,2e4
ϕA(e3) = b
′
1,3e1+ b
′
2,3e2+ b
′
3,3e3+ b
′
4,3e4
ϕA(e4) = b
′
1,4e1+ b
′
2,4e2+ b
′
3,4e3+ b
′
4,4e4.
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Setting ψB,t = IB[[t]] and φ˜
1
t = ψB,t ◦φ
1
t ◦ψ
−1
A,t , we get
φ˜1t (e1) = φ˜(e2) = 0
φ˜1t (e3) =−t(b
′
4,3λ2,4 f2+ b
′
4,3λ2,4 f3)+ (λ4,3+ t(b4,3−λ4,3b
′
3,3− b
′
4,3λ4,4)) f4
φ˜1t (e4) = (λ2,4+ t(b2,4− b
′
4,4λ2,4)) f2+(λ2,4− tb
′
4,4λ2,4) f3+(λ4,4− t(b
′
3,4λ4,3+ b
′
4,4λ4,4)) f4.
Moreover, setting [., ., .]1
′
A,t = ψA,t ◦ [., ., .]
1
A,t ◦ (ψ
−1
A,t )
⊗3, we get{
[e2,e3,e4]
′
A,t = (1+(b
′
3,3+ b
′
4,4)t)e1+ c2te2
[e1,e2,e4]
′
A,t = [e1,e3,e4]
′
A,t = [e1,e2,e3]
′
A,t = 0.
Thus, we deduce that ([., ., .]1
′
A,t , [., ., .]B, φ˜
1
t ) is an equivalent infinitesimal deformation of ([., ., .]
1
A,t , [., ., .]B,φ
1
t ).
We can construct other examples of equivalent infinitesimal deformations.
Conclusion. We have performed some computations of cohomology groups for 3-Lie algebra morphisms
and applications to deformation theory. This is in order to illustrate the new cohomology of 3-Lie algebra
morphisms introduced in this paper.
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